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  The field of biological science has established that tendons transfer muscular forces to 
adjacent bones, but there is a dearth of information about the underlying physical principles of 
these interactions and how the property of viscoelasticity (displayed in tendons as a difference in 
mechanical response to stress with differing stretching rates) is encompassed in the collagen of 
tendons. This thesis details the results of concentric and eccentric contractions of the rat muscle-
tendon unit (MTU) with and without viscoelasticity (concentric contraction requires active 
shortening of the muscle, while eccentric contraction requires active lengthening of the muscle) 
(Lovering & Brooks, 2014). Once the relationship between the tendon and viscoelasticity (within 
the context of the MTU) was established at the organ level, we tested for the presence of 
viscoelastic tendencies in one single collagen molecule to determine the most basic viscoelastic 
unit in the tendon. Based on our modeling approaches, the direction of tendon displacement does 
not differ between concentric and eccentric contractions, the rate of tendon displacement differs 
between concentric and eccentric contractions, and viscoelasticity is present in a single collagen 
molecule. 
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Chapter 1: Muscle-Tendon Unit Simulations in R 
Background 
 Tendons are units of collagenous tissue connecting the muscle and bone; their main 
purpose is to convert the contractile movement of the muscle into motion enacted by the joint, 
and this is accomplished via the channeling of the force (generated by the muscle) to the bone 
from the muscle (Xie et al., 2019). Most living organisms on Earth require daily physical 
movement to perform life functions (obtaining food for energy, escaping from predators, 
migrating to a better habitat, etc.) and to reproduce for the continuation of the species; the tendon 
is responsible for converting muscle force to force that generates bone movement, and thus it is 
crucial to fully understand the full dynamic range of motion and force capacity for tendons. The 
components of a tendon include (mainly) type I collagen in the extracellular matrix, 
proteoglycans, and cells (which include tenoblasts, endothelial cells, and chondrocytes) (Franchi 
et al., 2007). As for the type I collagen, at least 16 types of collagen do exist in living organisms, 
but the vast majority of human collagen consists of types I through III; these are all structured as 
fibrils, with the main difference being their respective locations (type I can be found in structures 
like interstitial tissues, skin, bones, tendons, and ligaments, while type II is found in the vitreous 
humor and cartilage and type III is more commonly found in skin, blood vessels, and muscles) 
(Lodish et al., 2000).  One single molecule of collagen is formed from three alpha chains that 
have the form of a left-handed helix (Turunen et al., 2017), and multiple collagen molecules 
come together in a right-handed triple helix (with d-spacing) to form microfibrils (Petruska & 
Hodge, 1964). The d-spacing in microfibrils has areas of interspersed gapping and overlapping at 
its base (Figure 1), and these have differing density of electrons; further, the microfibril is 
secured by cross-links at the ends of each molecule (Orgel et al., 2000). The collagen fibrils 
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(formed from microfibrils) in tendons have a helical conformation, and these fibers form 
fascicles when they are grouped together (Maciel et al., 2017). Overall, the tendon fibers have a 
parallel orientation along loading axis (Turunen et al., 2017).    
 
         Figure 1. Various depictions of collagen. Molecular collagen assumes the form of a  
          triple helix (a), and when multiple molecules form microfibrils their gapping and  
          overlapping result in D-spacing with a length of 67 nm (b). The collagen fibril is seen 
          in greater detail via atomic force microscopy (c), and the D-spacing can be seen from a 
          topographical perspective in (d). Reprinted from Andriotis et al. Copyright 2015 by The 
          Authors. 
 
The connective tissues of both the tendon and the muscle are important for the movement 
of muscle-tendon units (MTUs), and these tissues are continuous throughout the muscle and 
tendon. Skeletal muscles are aggregates of muscle fibers that are as complex in structure as they 
are in function. As seen in Figure 2, these muscle fibers are encased in endomysium that serves 
as connective tissue, and large sets (as many as 80) of these fibers (oriented parallel) form 
fascicles which are encased themselves in perimysium connective tissue (Korthuis, 2011).  
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The entire individual muscle unit is formed with sets of fascicles encased in the 
epimysium connective tissue, which serves as a bridge between muscle and tendon (Korthuis, 
2011). 
 
Figure 2. Image showing the various layers of the skeletal muscle, with the endomysium housed into 
fascicles bound by the perimysium, and the epimysium encases all of this. (National Cancer Institute, 
n.d.). 
 
Since the muscle and tendon are connected on a molecular level and their separate 
movements depend on each other, it is important to glean dynamic information on the collective 
MTU, so the physics of the individual parts are better understood. The typical MTU consists of a 
skeletal muscle working in tandem with an attached tendon to generate the desired force 
allowing for movements like ambulation and jumping. This force depends on multiple factors 
that include the length and arrangement (parallel, perpendicular, etc.) of the fibers, as well as 
whether the muscle is active (Hodson-Tole et al., 2016).       
 My focus for this experiment is studying the dynamics of rat tendons and the collagen 
within them; but studying both the muscle and tendon in concert reveals key information about 
4 
 
the dynamics of the tendon when loaded by muscle. This interaction drives the flow of 
mechanical energy from muscle to bone – the muscle transmits force to the tendon during its 
activation and the tendon subsequently transmits that force to the joint. To determine how energy 
is transferred between MTU components (as well as the amount of energy that is lost as heat), 
the forces and work involved in a muscle contraction should be compared, with the motion of the 
individual MTU components corresponding to that shown in the Hill-type model (this was 




Figure 3. A rendering of the Hill-type muscle model for the MTU (left) and muscle (right). As for the 
variables in the figure, the superscripts refer to whether the variable of interest pertains to the muscle (m), 
tendon (t), or MTU (mt). The subscripts of force variables refer to whether that force is generated from 
passive mechanisms (p) or active mechanisms (a). The variable ø represents the muscular angle of 
pennation. Reprinted from Manal & Buchanan. Copyright 2013 by ASME. 
 
The Hill-type model (Figure 3) considers multiple factors when generating output that is 
used for studying MTUs between points of muscle insertion and origin (Haeufle et al., 2014). It 
consists mainly of an active contractile element and two elements that are passive (parallel and 
series), and these passive ones are indicated in the model as being springs (Hamouda et al., 
2016). The different components of the MTU are well-represented in the Hill-type model; the 
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parallel elastic element represents the dynamics of the muscular connective tissues (specifically 
the epimysium, endomysium, and perimysium), and the series elastic element represents the 
attached tendon. 
This model is commonly used for determining muscular force that is quantified as a 
function of activation, length-tension, and velocity of the muscle (in addition to maximum 
muscular force). As seen in Figure 3 (in the figure’s right image), the overall force of the muscle 
is generated by the contribution of both active and passive forces. The Hill-type model’s 
continuum aspect of biophysical MTU study is conducive to the interaction of these force types 
and to the continual nature of the muscle and tendon connective tissues, and therefore is the most 
accurate and fitting model for examination of MTU movement (the Hill-type model has been 
used previously in the literature to study human muscle and tendon force in the lower leg, and 
here I am looking at the rat Achilles tendon in the context of the MTU) (Arnold et al., 2010). 
 To represent the full range of MTU function, I have modeled both eccentric contractions 
(defined as when the MTU lengthens), and concentric contractions (defined as when the MTU 
shortens). These contractions are both being studied because there are differences in their effects, 
and hence there are differences in their biophysics resulting from the nature of the muscle and 
tendon working together. Human eccentric contractions at extreme levels have been shown to 
induce damage in muscles by overstretching the muscular sarcomeres past their maximum 
functioning length and creating tension interfering with function (Guilhem et al., 2016). Tension 
is created when an entity is lengthened to the point of being taut; there is no tautness when 
something shortens, and hence this method of damage is not possible in concentric contractions. 
If there are these inherent differences between the contractions regarding damage to function, 
then they must both be considered in this study of healthy MTU movement and function.  
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 We initially only performed elastic simulations to examine how an elastic MTU behaves 
when shortened and lengthened; this allowed us to gain information about basic MTU behavior 
involving a dynamic muscle and a static tendon. More detail will be explained in the section 
regarding viscoelastic simulations, but as a general overview viscoelasticity is a property of 
materials exhibiting both viscous and elastic behavior in motion. Tendons are viscoelastic, and 
for a simulation of MTU movement to be realistic this property must be embedded in the code 
for the material that is viscoelastic in reality; the initial simulations without viscoelasticity were 
meant to serve as a “control” for testing whether the program works (which will also be 
explained later), and this was also a step that allowed me to gain preliminary data and understand 
how a tendon would behave if no viscoelasticity were present (which later provided insight into 
the purpose of tendon viscoelasticity).      
 Questions being asked in these preliminary simulations include “How do the muscle and 
tendon interact within the context of the whole MTU?”, “Do muscle and tendon dynamics differ 
in eccentric versus concentric contractions?”, and “Is there dynamic behavior of the MTU 
components that differs from the entire MTU’s dynamic behavior?” Even though there has been 
previous study of vertebrate MTU movement with eccentric and concentric contractions, we 
were interested in conducting a theoretical study observing how the muscle-tendon unit behaves 
at theoretical maximum muscle activation; this is important for not only studying the effect of 
the muscle’s maximum exertion on the energy flow of the MTU, but the literature has also 
shown that alteration in muscle activation affects gearing in the tendon and in turn the gearing of 






Rat MTU dynamics were modeled on RStudio using the “musclemodelR” package 
created by Dr. Michael V. Rosario. This simulation is designed to be a simple mechanism for 
examining MTU dynamics according to the Hill-type model, with 11 constants (including spring 
stiffness constant, maximum muscle isometric force, initial muscle length, maximum muscle 
velocity, and muscle resting length) as input and five factors (displacement, velocity, force, 
work, and power) as output. This is in addition to the constants measuring time, as well as the 
various vectors and physical relations inherent in the Hill-type model.    
 Table 1 below shows the parameters utilized in this phase of research. Tendon stiffness 
values were based on a literature estimate of 33.17 ± 3.77 N/mm for healthy rat Achilles tendons 
(Delalande et al., 2015). Infinite tendon stiffness simulated how the MTU behaves without a 
tendon (although I did some simulations with 40 N/mm stiffness, there was not much difference 
between this stiffness and 35 N/mm, so all results reported in this thesis are regarding 35 N/mm). 
Rat medial gastrocnemius muscles are estimated to have a length of about 33.6 ± 0.8 mm (Haan 
et al., 2003). I used the parameters that were part of the RStudio simulation package already, and 
this did include a muscle resting length of 70 mm (a little over twice the literature value 
mentioned previously). These values are accurate for vertebrates, but after I defended my thesis, 
I performed simulations again with a muscle resting length of 34 mm (once for each set of 
parameters) to better mirror the length found in average rats, and the results were similar 
(especially regarding trends in the data). I will be reporting the data resulting from a muscle 





Table 1. The parameters used in the RStudio simulations during the first phase of research. useFV refers 
to installation of Hill-type force-velocity effects, useLT refers to installation of Hill-type length-tension 
effects, Type refers to the kind of simulation R is performing, k refers to the spring (tendon) stiffness 
constant, dt refers to the length of each timestep within a run, Fmax refers to muscle’s maximum 
isometric force, v_mus_max refers to the maximum muscle velocity, L0_mus refers to initial muscle 
length, x_mus_0 refers to muscle starting length at t = 0, m_mus refers to muscle mass, lengthenRate 
refers to rate of stretch, and lengthenDuration  refers to time during which stretch occurs.  
Parameters Used in Phase I R Simulations 
useFV True, False 
useLT True 
Type MTU_ramp 
k 35 N/mm, 40 N/mm, Infinite 
dt 1/1000 s 
Fmax 250 N 
v_mus_max 13 L0/s 
L0_mus 70 mm 
x_mus_0 70 mm 
m_mus 0.025 kg 
lengthenRate ±10 mm/s to ±140 mm/s 
lengthenDuration 0.1 s 
  
This program utilizes a numerical minimization function. In minimization, there is a 
parabolic function representing a dichotomy between two variables, as well as a local minimum 
representing equality of those variables; in these simulations, muscle force and tendon force are 
the two variables and the program is trying to find the “minimum” or “lowest cost” muscle 
velocity that will allow for equality (or as close to equality as possible) between muscle force 
and tendon force at any given timestep (I have created a visual representation of this in Figure 4). 
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In short, when the difference between the muscle force and tendon force is 0 (hence minimized), 







 Figure 4. The mathematical cost function built into the RStudio algorithm; muscle force is 
represented on one side of the theoretical parabola and tendon force is on the other side, with the point of 
equality at the point of minimal “cost” at the bottom. 
            
 Eccentric (lengthening) contractions were performed at lengthening rates of -10 mm/s to  
-140 mm/s (negative is indicative of lengthening in this particular R simulation package) and 
concentric (shortening) contractions were performed at shortening rates of +10 mm/s to   
+140 mm/s. 
The simulations in RStudio are calculated predictions of the movement of a MTU 
dependent on the condition of the force of the muscle being (at least close to) equal to the force 
of the tendon (one of the main tenets of the Hill-type model is that muscle force and tendon force 
are equal). After muscle velocity is determined with the cost function, the program then uses 
physics equations to determine unknown variables and arrive at the conclusive value for muscle 
velocity in that particular contraction, as can be seen in Table 2 below. 
 
 
Muscle Force Tendon Force 
10 
 
Table 2. Order of equations used by the RStudio algorithm to predict variables and thus outcomes of the 
MTU contraction. The variable in an equation being determined by the outcome of the previous equation 
is colored blue.  Spring force could be determined once muscle force was found since the two forces are 
set to be equal. v = velocity, FV = force-velocity effects, L0 = initial length, F = force, LT = length-tension 
effects, w = work, x = displacement, p = power, k = spring stiffness constant.  
Algorithm Variable Prediction Based on Muscle Velocity, for each Timestep i 
Muscle Tendon 
vmuscle _ 
FV = vmuscle[i]/L0muscle _ 
Fmuscle = -Fmaximum*activation[i]*FV*LT Fspring = k*xspring[i] and vspring 
wmuscle = (-mean of Fmuscle[i] and Fmuscle[i-1])*dxmuscle wspring[i] = (mean of Fspring[i] and Fspring[i-1])*dxspring 
pmuscle =dwmuscle/dt pspring = dwspring/dt 
One of the constants that was changed throughout the process was the spring stiffness 
constant k. This constant was set at numerical values consistent with the data found in the 
literature about rat MTUs (mostly 35 N/mm but 40 N/mm for some), but it was also set at 
infinite stiffness for some simulations to test for the effect of having no tendon. This had the 
effect of removing the tendon from the MTU altogether, and hence there were only results for 
the muscle and MTU for these simulations. The rate at which the muscle was lengthened or 
shortened is another constant that varied, with negative lengthen rate indicative of lengthening 
MTU and positive lengthen rate indicative of shortening MTU (these simulations used a range of 
-140 mm/s to 140 mm/s). The presence of the force-velocity (FV) effect was varied, and this 
effect was removed from some simulations to study what would occur in the MTU without it; it 
has been claimed that FV effects must be considered in a MTU simulation, and thus removing 
them would help clarify what role they will have in future studies (Haeufle et al., 2014).  
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 To summarize this phase of the research: I simulated rat MTU contractions 20 times for 
each set of parameters, with tendon stiffness of 35 N/mm, 40 N/mm, and infinite stiffness 
(although like mentioned previously, I am only displaying graphs for 35 N/mm and just briefly 
mentioning infinite stiffness results). The lengthening rates ranged from -10 mm/s to -140 mm/s 
for eccentric contractions and +10 mm/s to +140 mm/s for concentric contractions. I used this 
phase of the research to gain preliminary data for forming hypotheses.    
Results & Discussion 
Infinite Spring Stiffness 
Regarding the simulations with FV effects at infinite spring (tendon) stiffness, there were 
some expected results. For example, muscle displacement and muscle velocity are positively 
correlated with lengthening rate. These data also indicate that muscle work positively correlates 
with lengthening rate, and this is true for muscle power as well. The force generated by the 
muscle for the duration of the lengthening was calculated to be about -301.5 N (the negative sign 
indicating direction) for the first lengthening rate of -10 mm/s, but then as lengthening rate 
increased it was evident a threshold was being reached; the force of the muscle was increasing in 




        
Figure 5. Graph of muscle force during an eccentric contraction with infinite spring stiffness and FV 
effects. As lengthening rate increases from -10 mm/s (red) to -140 mm/s (green), a force threshold is 
being reached as it goes past -400 N.  
 
This is not surprising either, since the initial resting length for the muscle was set at 70 
mm for all simulations; once the muscle has been stretched past a certain point, the muscle 
cannot generate more force because it has become rigid with being stretched to its limit.  
 An unintended outcome of these simulations performed at infinite tendon stiffness is that 
they helped to verify that the program works. Without the tendon dynamics to complicate its 
movement, the muscle was moving as its own solitary unit, and expected results that seem like 
common sense (like velocity increasing with increasing lengthening rate and a muscle only being 
able to stretch so far) show that the program understands basic concepts like direction and speed 
that are an important foundation for more complicated tasks with the MTU later. 
Tendon Dynamics           
 As seen in Figure 6, the tendon lengthens at the beginning of the concentric contraction 
(but it does revert to shortening towards the end of the contraction for lengthening rates ≥ 30 
mm/s). The tendon is lengthening throughout the entirety of the eccentric contraction (except for 





Figure 6. Graph showing tendon displacement in simulation with FV effect, k of 35 N/mm, and stretching 
rate of 70 mm/s (red) and -70 mm/s (green). Negative indicates eccentric contraction. 
 
 These data also suggest that muscle dynamics have a greater effect on tendon function in 
concentric contractions compared to eccentric contractions; the rate of tendon displacement is 
slower in concentric contractions (as indicated by the lower slope value for the curve in tendon 
displacement in Figure 6). This can also be seen by looking at the velocity data; the peak 
magnitude of tendon velocity in the eccentric contraction is greater than -600 mm/s, while the 
peak magnitude in the concentric contraction is closer to -600 mm/s. A possible difference in the 
diffusion of collagen throughout the tendon could explain the suggested difference in viscosity 
between contractions (this would be possible if the molecule does indeed show viscoelastic 
behavior on its own).      
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Absence of Force-Velocity Effects   
 Simulations were also performed to test the effect of FV and whether its absence has a 
significant effect on the functioning of the MTU. To analyze these data properly, it is imperative 
to understand the FV curve and what this effect does for the MTU. This curve describes a 
relationship between force and velocity that differs depending on the direction of lengthening; if 
the muscle is being lengthened, the force the muscle generates will increase at first but then 
remain constant (and its velocity will decrease), making the FV eccentric relationship linear. If 
the muscle is shortening, the force the muscle can generate will decrease rapidly as the velocity 
of the muscle increases, and this is when the FV relationship is exponential. 
This FV curve and its relationships act as a buffer for the MTU (keeping MTU movement 
manageable and protecting the MTU from overstretching and other detrimental motions) because 
if the muscle were not allowed to slowly change its displacement and the position of the 
sarcomeres and crosslinks, the muscle could either go into shock and lose mobility or break 
altogether. Either of these outcomes results in a muscle that can no longer function properly; it is 
at these thresholds that the MTU loses much of the elasticity it had that could allow it to safely 
change form and perform any necessary work.       
 Figure 7 has FV effects and Figure 8 has no FV effects, with all other parameters the 
same. Due to the brevity of the constant velocity in both the muscle and tendon (Figure 8), as 
well as the sudden increase and sudden decrease of velocity of the muscle and tendon (all 
without FV), it can be concluded that the muscle is not gradually increasing in speed as it is 
shortening. Rather, it shortens with a much greater speed (~628 mm/s with FV versus ~1365 
mm/s without FV at shortening rate 40 mm/s) and then stops.  
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Figure 7. Results of simulation with FV effect, k of 35 N/mm, and shortening rate of 30 mm/s (red) and 
40 mm/s (green). Columns from left to right correspond to the MTU, muscle, and tendon. The output 
variables from top row to bottom row are displacement, velocity, force, work, and power. The decrease in 
muscle and tendon velocity is much smoother with these FV effects. 
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Figure 8. Results of simulation without FV effect, k of 35 N/mm, and shortening rate of 30 mm/s (red) 
and 40 mm/s (green). Columns from left to right correspond to the MTU, muscle, and tendon. The output 
variables from top row to bottom row are displacement, velocity, force, work, and power. The sudden 
increase and decrease for muscle and tendon velocity indicate movement at a much greater speed, even 
faster than the theoretical maximum speed of this MTU. A real MTU with these limits would likely 




This increase in speed is damaging to the MTU because the maximum muscle velocity 
used for these simulations is 13 resting lengths per second, and this velocity multiplied by the 
muscle resting length (70 mm) is equal to 910 mm/s, lower than the speed reached in this 
simulation without FV. The math is indicative of the accuracy in the assertion stated above that 
FV is necessary for modeling MTU dynamics when using the Hill-type model. 
MTU Dynamics           
 In addition to testing the effect of FV, another objective of these simulations was to see 
how the tendon behaves differently with change in various parameters (simulations were run that 
kept all parameters equal except for the lengthening rate, and these results were evaluated). 
 In physics, work describes the transfer of energy (i.e. if a defined system is doing work, it 
is transferring energy to outside of said system). Power is the derivative of work, and thus is the 
rate at which work is done (the rate at which energy is transferred or absorbed). The simulation 
output includes these parameters so the results can then be analyzed in the context of how MTU 
segments gain energy from behaving a certain way during a contraction.    
 One interesting result came from a simulation where everything was the same except 
whether the MTU was lengthening or shortening (and these also had FV effects). The 
lengthening rates were -70 mm/s and -80 mm/s for the lengthening and 70 mm/s and 80 mm/s for 
the shortening. The lengthening MTU results indicated that the power of the muscle slightly 
increased at the beginning of lengthening and then decreased, to the point where power was of 
negative value for the muscle (a simulation with all the same conditions except for the absence of 
FV showed the power sharply increase and then sharply decrease to a negative value for the 
muscle as well, but it stayed at a smaller constant negative value while this simulation with FV 




Figure 9. Graph of muscle power during eccentric contraction, showing how without FV effects (green), 
power increased sharply and then decreased before remaining at a negative value. With FV effects (red), 
power rose slightly at first but then steadily went towards the negative direction, without such sharp 
dynamics. MTU lengthening rate was -70 mm/s for both curves, k = 35 N/mm. 
As seen in Figure 10, the tendon showed a sharp magnitude increase and then a decrease 
in power (and at higher lengthening rates such as that in Figure 10, there would be increase, 
decrease, then increase again before finally decreasing), but its power was of negative value 
throughout the entire duration of lengthening (except when lengthening rate was -140 mm/s, then 





Figure 10. Graph showing the negative power of a tendon in an eccentric contraction with FV effects. 
Lengthening rate is -70 mm/s, k = 35 N/mm. 
 
Interestingly, the power of the muscle never had a negative value while the MTU was 
shortening (with all the same conditions), while tendon power was mostly negative and then 
positive towards the end for shortening rates ≥ 30 mm/s (Figure 11).   
 
 
Figure 11. Graphs showing power in the muscle (left) and tendon (right) for a concentric contraction at 
shortening rate of 70 mm/s, k = 35 N/mm, with FV effects. In concentric contractions muscle power is 
consistently positive, while tendon power is negative and then becomes positive at the end of the 
contraction (tendon power is negative and then positive when shortening rate is ≥ 30 mm/s, for lower 
shortening rates tendon power is always negative). 
During MTU lengthening, the muscle is performing work for the entire simulation at 
lower magnitude lengthening rates (≤ -70 mm/s), and at higher magnitude lengthening rates the 
20 
 
muscle does work for most of the simulation and then has work done on it towards the end; the 
tendon has work being done on it the entire time during all lengthening rates (Figure 12).  
 
Figure 12. Graphs showing work for the muscle (left) and tendon (right) in an eccentric contraction with 
FV effects. Lengthening rate is -70 mm/s, k = 35 N/mm. 
 
During shortening at all rates, the muscle is performing work the entire time and the 
tendon is always having work done on it (Figure 13). 
 
Figure 13. Graphs showing work for the muscle (left) and tendon (right) in a concentric contraction with 
FV effects. Shortening rate is 70 mm/s, k = 35 N/mm. 
 
 These data indicate that tendons are storing energy for both eccentric and concentric 
contractions (since it is having work done on it and therefore it is storing energy). These results 
make sense because a MTU contracts so its attached joint can move; for that movement to occur, 
the muscle must transfer its force in the form of energy to its tendon and the tendon must be able 
to absorb that energy so it can in turn transfer that to the bone. These simulations only simulated 
the pull (eccentric) or push (concentric) itself (that is, the times of force application), not the time 
that the MTU recovered from the contraction (which would be when the MTU reverts to resting 
length). It is possible that the tendon is transferring energy to bone during this reversion; it could 
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be absorbing the energy during maximal muscular activation and then transferring it when the 
muscle is no longer activated and the MTU is transitioning from contraction to rest.   
 These simulations are also indicative of the muscle transferring more energy in 
concentric contractions, which could mean concentric contractions are the primary means of 
muscle-tendon energy transfer (but eccentric contractions are the primary means of tendon 
energy absorption since that is when they gain more energy).  
As for the data relating to power, in eccentric contractions the rate at which the muscle is 
performing work increases dramatically and then increases more slowly before it drops to zero 
and then increases in magnitude again (but in the negative direction); meanwhile, the rate at 
which work is being done on the tendon increases in magnitude and then decreases (and tendon 
power eventually increases to the point of being positive when there is a lengthening rate of -140 
mm/s). Based on the magnitude of power for the muscle and tendon, the tendon is absorbing 
energy more quickly during the eccentric contraction than the muscle is transferring it; since real 
tendons are viscoelastic, these results are likely to change for the viscoelastic simulations in the 
second phase of research.         
 In concentric contractions, the rate at which muscle performs work sharply increases and 
then approaches a constant, while the rate at which the tendon absorbs energy increases in 
magnitude and then decreases (before increasing in magnitude again in the positive direction for 
higher lengthening rates). This is indicative of viscoelasticity being a greater factor in concentric 
contractions since the end of the contraction shows the tendon beginning to absorb energy at a 
lower rate than the muscle is transferring it, indicating some resistance on behalf of the tendon. 
The fact that power magnitude decreased that dramatically only for the tendon and not the 
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muscle also indicates muscle dynamics are affecting the tendon, further showing the complexity 
involved in these MTU movements.       
 
Figure 14. Graphs of power in the muscle (left) and tendon (right) during eccentric (red) and concentric 
(green) contractions. Stretch rates were -70 mm/s (eccentric) and 70 mm/s (concentric), k = 35 N/mm. 
 
Yet another interesting result to consider here is that the MTU work and power matches 
the muscle work and power in concentric contractions, but the MTU work and power match the 
tendon work and power (as well as muscle work and power at higher lengthening rates later in 
the contraction) in eccentric contractions (in terms of positive versus negative work) (Figure 15). 
While the muscle does go from positive to negative power during all eccentric contractions, the 
MTU work and power still matches that of the tendon since the MTU work and power are 
always negative (MTU power does not become positive at the end of the -140 mm/s contraction, 
unlike tendon power). 
 
Figure 15. Graphs showing the work (top row) and power (bottom row) for the MTU (left), muscle 
(middle), and tendon (right). Stretching rates were -70 mm/s (red) and 70 mm/s (green), k = 35 N/mm. 
 
The fascinating part about this is that it shows there is some autonomy between muscle 
and tendon; in other words, the status of the MTU in terms of work and power will depend 
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mostly on either the muscle or tendon for a given contraction (depending on stretching rate at the 
time), showing how these two structures are linked but still independent of one another. The 
muscle might be the driving factor in concentric contractions (since that is when they transfer 
more energy, as shown in Figure 15 with the muscle doing more work in the concentric 
contraction) and the tendon might be the driving factor of eccentric contractions (since that is 
when they absorb more energy, as shown in Figure 15 with the tendon having more work done 
on it in the eccentric contraction).  
Based on negative displacement and work being done on it in both contractions, the 
tendon could be lengthening and absorbing energy in both contractions, while the muscle 
transfers energy in concentric contractions and first transfers energy before storing it in eccentric 
contractions of lengthening rates greater than -70 mm/s (for lengthening rates ≤ -70 mm/s, the 
muscle just transfers energy throughout the whole eccentric contraction). Figure 16 provides a 






Figure 16. A visual representation of the energy and MTU lengthening dynamics for an elastic 
MTU. The numbers 1 and 2 in the images refer to the order in which the transfer and storage occur in the 
contraction. Note that the muscle only transfers and then stores energy for eccentric contractions at 
lengthening rates with magnitude > -70 mm/s. For slower lengthening rates, it just transfers energy. 
 
Errors 
Errors that may have occurred during this initial phase of research were minimized using 
multiple measures, one being mere repetition of simulations. Each set of parameters counted as a 
simulation, and each simulation consisted of 20 trials. This was done with digital technology, 
and thus the results should not differ from trial to trial anyway, but this was done as a precaution 
since these simulations were also based on prediction of muscle velocity and subsequent 
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variables. Several of the simulations without FV effects had a few trials that would differ from 
the rest in a small amount (especially regarding force and velocity parameters), so FV may be 
important for keeping MTU dynamics consistent; no such differences were found among trials in 
simulations with FV effects.          
 Another method of error minimization was the numerical minimization algorithm we 
used, particle swarm optimization (PSO); PSO is a meta-heuristic algorithm with operations 
inspired by behaviors found in nature, and it is a method of computer science work gaining 
popularity in academic research (Whitacre, 2011). The mathematical process is simple; once a 
function of interest and space for searching have been designated, a flock size is determined 
(since these algorithms are encoded to mimic a group of birds looking for food) and particles are 
developed to find the correct answer within the designated space (Wong et al., 2015). The 
optimal outcome is for these particles to agree (or converge) on the correct value for the given 
simulation, and this results in collection of convergence data. These convergence values could be 
seen in the output after each run of a trial. If there is total convergence in a run, all the values for 
convergence will be 0. The data from the simulations without FV effects did not all have total 
convergence; some of these trials had convergence values of 2 (but the majority of convergence 
values in all trials were still zero). Given the difference in some of the graphs from simulations 
without FV, it is likely that this lack of convergence in these data is not due to “error” on behalf 
of the code, but to the lack of FV effects. There was no standard relationship for these two 
variables, and thus the program could not always come up with one correct answer for whether 
force increases or decreases at a certain velocity (although this error is not too great, considering 
most convergence values were still 0). This further shows how FV effects are essential to any 
study of skeletal muscles with the Hill-type model.  
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Summary of Findings 
 Based on preliminary results of the simulation, hypotheses about the tendon and muscle 
dynamics were formulated and tested. The results demonstrate that during maximal muscular 
activation the tendon is lengthening (the displacement of the spring has negative value) and 
storing elastic energy regardless of the type of contraction (since the curve for spring work is 
under the x-axis [negative] in both contractions, indicating work being done on the tendon and 
therefore storing of energy instead of transferring).      
 The second major finding of these simulations is that muscle dynamics have a stronger 
effect in concentric MTU contractions than in eccentric MTU contractions. This is seen in the 
results with the displacement of the tendon changing at a slower rate during MTU shortening 
than in MTU lengthening (which can give the tendon greater ability to embody viscoelastic 













Chapter 2: Muscle-Tendon Unit Simulations in R with Viscoelasticity 
Background 
A property of all biological materials that is present in skeletal tendons is viscoelasticity, 
a property of materials that are both elastic (describing a substance that can return to its original 
conformation after subjection to a force) and viscous (describing a substance that resists flow and 
requires a force to surpass molecular adhesion for any change in conformation, thereby making 
the material sensitive to rates of force) (Everett & Sommers, 2013). This arises from atoms (or 
molecules) diffusing in a substance that no longer has a defined shape (Papanicolaou & 
Zaoutsos, 2011). For these substances, damping and stiffness qualities are coupled, giving the 
damping element the ability to store energy (Bacquet et al., 2018). The damping in viscoelastic 
substances is modeled in such a way that any dissipation is due to displacement and stress (and 
more importantly, the shift in phase between them) (Bacquet et al., 2018). When there is a load 
placed on a viscoelastic structure, deformation occurs for the duration of the loading. There is 
difference in response to the deformation after load removal; part of the substance will attempt 
returning to lower stress levels instantaneously, and the rest will gradually lose stress acquired 
during deformation (although it will not return to the original stress level, hence its viscosity) 
(Ostadfar, 2016). Viscoelasticity in the entire MTU can be studied with the Hill-type model, 
especially if one is comparing a muscle’s separate elasticity and viscosity to those of the tendon 
(if there were differences in both for the two entities, there would be enhanced understanding of 
the deformation that may occur if the MTU is stretched beyond a certain limit). However, I chose 
to focus on studying viscoelasticity in the tendon because the tendon is directly responsible for 
force being absorbed by bones, and part of why I am performing this research is to discover more 
about how organisms can move with the forces in their bones received from the tendon 
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transferring muscular force (the muscle can exert as much force as possible constantly, but the 
bones will not be affected until the tendon provides them with that force). 
 Questions being asked in this phase of the research to address my first two hypotheses 
are, “Does the direction of tendon displacement differ between concentric and eccentric 
contractions?” and “Does the rate of tendon displacement differ between concentric and 
eccentric contractions?” In addition, I used this phase of the research to seek answers to the more 
general question, “Does the addition of viscoelasticity to the tendon change its dynamics in the 
MTU?” If the results of simulations with viscoelastic tendon show the same dynamics between 
muscle and tendon that occurred in the previous simulations without viscoelastic tendon, then 
muscle dynamics are the main determinant of MTU dynamics. 
Methods 
R Program 
 The same RStudio program was used for study of viscosity in the MTU contractions, and 
Table 3 shows that all the sets of parameters used in the first simulations were used in these 
(except I did not repeat the simulations with force-velocity effects absent since that was only to 
show how the force-velocity effects are necessary for these Hill-type model simulations; in 
addition, viscosity in these simulations is making them more realistic, and hence not including 








Table 3. The parameters used in the RStudio simulations during the second phase of research. useFV 
refers to installation of Hill-type force-velocity effects, useLT refers to installation of Hill-type length-
tension effects, Type refers to the kind of simulation R is performing, k refers to the spring (tendon) 
stiffness constant, dt refers to the length of each timestep within a run, Fmax refers to muscle’s maximum 
isometric force, v_mus_max refers to the maximum muscle velocity, L0_mus refers to initial muscle 
length, x_mus_0 refers to muscle starting length at t = 0, m_mus refers to muscle mass, lengthenRate 
refers to rate of stretch, lengthenDuration  refers to time during which stretch occurs, and eta refers to 
viscosity. 




k 35 N/mm, 40 N/mm, Infinite 
dt 1/1000 s 
Fmax 250 N 
v_mus_max 13 L0/s 
L0_mus 70 mm 
x_mus_0 70 mm 
m_mus 0.025 kg 
lengthenRate ±10 mm/s to ±140 mm/s 
lengthenDuration 0.1 s 
eta 0 (N*s)/m, 2 (N*s)/m, and 4 (N*s)/m 
 
 Eccentric (lengthening) contractions were performed at lengthening rates of -10 mm/s to 
 -140 mm/s (negative is indicative of lengthening in this particular R simulation package) and 




Even though all the parameters used in the first phase of my research were still present, I 
did modify the RStudio program to transform it into a viscoelastic model of tendon function. The 
viscosity variable was added into the program where necessary in the equations (i.e., as a 
multiplying factor with velocity, since viscosity is known to affect a material’s rate of 
movement). Based on representation of viscosity in the literature, this variable was named η 
(represented as eta in the code). Even though the variable added to the simulation was viscosity, 
the elasticity already embedded in the code (in the form of Hooke’s law for spring movement F 
= -kx) combined with viscosity enables these simulations to represent viscoelasticity (the 
equations used for this phase of research can be seen below in Table 4). 
 
Table 4. Order of equations used by the RStudio algorithm to predict variables and thus outcomes of the 
MTU contraction in the second phase of research. The variable in an equation being determined by the 
outcome of the previous equation is colored blue.  Spring force could be determined once muscle force 
was found since the two forces are set to be equal. v = velocity, FV = force-velocity effects, L0 = initial 
length, F = force, LT = length-tension effects, w = work, x = displacement, p = power, k = spring stiffness 
constant, eta = viscosity. 
Algorithm Variable Prediction Based on Muscle Velocity, for each Timestep i 
Muscle Tendon 
vmuscle _ 
FV = vmuscle[i]/L0muscle _ 
Fmuscle = -Fmaximum*activation[i]*FV*LT Fspring = (k*xspring[i])+(vspring*eta) and then vspring 
wmuscle = (-mean of Fmuscle[i] and Fmuscle[i-1])*dxmuscle wspring[i] = (mean of Fspring[i] and Fspring[i-1])*dxspring 







 There are multiple models in the literature representing viscoelasticity, each with their 
own visual representations of viscoelasticity and equations for calculating strain due to viscosity. 
The two most common models are the Maxwell model and Kelvin-Voigt model. These both 
model viscoelasticity with an elastic spring and a viscous dashpot, but the Maxwell model does 
this in series and the Kelvin-Voigt model does this in parallel (Figure 17). 
 
 
Figure 17. The Maxwell and Kelvin-Voigt models of viscoelasticity, with E representing the elasticity of 
the spring and η representing the viscosity of the dashpot. Bronshtein et al., 2013. 
 
 I chose to base my thesis research on the Kelvin-Voigt model because the spring in this 
model does not have freedom of movement until the dashpot stops resisting the stress on the unit; 
this is an accurate representation of viscoelasticity since viscosity is responsible for a viscoelastic 
material’s resistance to outside forces and is the limiting factor in a viscoelastic material’s 
movement (López-Guerra & Solares, 2014). The Maxwell model also does not account for the 
retention of stress in viscoelastic materials long after they have been subjected to force, making a 
simulation with this model less realistic (López-Guerra & Solares, 2014). In addition, the Kelvin-
Voigt model is better able to model how strain is affected by consistent stress on the material 
(López-Guerra & Solares, 2014). As noted for my first two null hypotheses (there is no 
difference in tendon displacement direction between eccentric and concentric contractions, and 
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there is no difference in rate of tendon displacement between eccentric and concentric 
contractions), I am interested in seeing how the application of setting the muscle force and 
tendon force equal for a certain muscle velocity affects displacement and its rate, hence how 
stress affects strain. These factors all indicate that the Kelvin-Voigt model is the correct choice. 
 As could be seen previously in Table 4, the equation for force of the spring includes the 
variable for viscosity. This equation in the R code is based on the equation for the Kelvin-Voigt 
model, with the similarities of the two equations written below. The Kelvin-Voigt equation 
includes an elastic modulus (E), strain (ɛ), viscosity (η), and change in strain over time. The 
elastic modulus is representative of stiffness in a material and is equivalent to the spring stiffness 
constant k in the R equation used in our simulation’s code. Strain is the response to stress and is 
the equivalent of displacement that is seen in the R code, and the change in displacement over 
time is just velocity. 
 




R Equation                                          𝐹 = (𝑘 × 𝑥𝑠𝑝𝑟𝑖𝑛𝑔) + (𝜂 × 𝑣𝑠𝑝𝑟𝑖𝑛𝑔) 
  
Once viscosity had been added to the package, the same sets of simulation parameters 
used in the first phase were used for these simulations (as for viscosity, there were sets of 
simulations with values of η = 0 (N*s)/m [for making sure the addition of viscosity did not alter 
the rest of the package to the point of being nonfunctional], 2 (N*s)/m, and 4 (N*s)/m). The 
viscosity values of η = 2 (N*s)/m and η = 4 (N*s)/m were chosen for this study as values to 
introduce the property of viscoelasticity to this R package. Since there was a noticeable effect on 





without viscoelasticity, it was deemed unnecessary to continue performing simulations with 
more viscosity values.         
 To summarize this phase of the research: I performed eccentric and concentric 
contractions (from -10 mm/s to -140 mm/s for eccentric and +10 mm/s to +140 mm/s for 
concentric) on the rat MTU for each set of parameters, and I did this for each value of viscosity 
(0 (N*s)/m, 2 (N*s)/m, and 4 (N*s)/m). I used this phase of the research to realistically 
determine the direction of tendon displacement for eccentric and concentric contractions, and to 
determine if rate of tendon displacement differs between eccentric and concentric contractions 
when the viscoelasticity of the tendon is incorporated into the MTU. 
Results & Discussion   
Tendon Dynamics 
It should be noted that when I refer to elastic simulations, I’m talking about the first 
phase of research before viscosity was added to the model; when I mention viscoelastic 
simulations I’m referring to the second phase of research with viscoelasticity. I will be 
comparing these two phases frequently in this results section.  
To address the first null hypothesis (there is no difference in direction of tendon 
displacement between eccentric and concentric contractions), I observed the results for tendon 
displacement in both eccentric and concentric contractions at all stretching rates from ±10 mm/s 
to ±140 mm/s (at viscosity values of both 2 (N*s)/m and 4 (N*s)/m). In all these simulations, the 
tendon is longer at the end of the contraction than it was at the beginning (as seen in Figure 18), 
indicating that the direction of tendon displacement does not differ for eccentric and concentric 
contractions (for the elastic simulations in the first phase of research, the tendon was longer than 




Figure 18. Results of simulation with η of 2 (N*s)/m, k of 35 N/mm, and stretching rate of -60 mm/s 
(red) and 60 mm/s (green). Negative rate indicates eccentric. 
 
 
 As for the second null hypothesis (there is no difference in rate of tendon displacement 
between eccentric and concentric contractions), it is necessary to look at velocity (since velocity 
is the mathematical derivative of displacement). I noted the peak magnitude of velocity for 
eccentric and concentric contractions across stretching rates and viscosity values, and the results 
can be seen in Table 5 below. Rate of tendon displacement is greater in eccentric contractions 
(which was also true in the simulations without viscoelastic tendon from the first phase of 
research), and thus there is a difference between contraction types. The decrease in peak tendon 
velocity when adding viscosity is noticeable; this is indicative of viscosity since there is much 







Table 5. Table showing the ranges of peak tendon velocity (in mm/s) across the stretching rates of ±10 
mm/s to ±140 mm/s, for both eccentric and concentric contractions.  
Range of Peak Tendon Velocities Across Lengthening Rates 
 Eccentric Concentric 
η = 0 (N*s)/m -624.93 to -722.25 -610.14 to -515.14 
η = 2 (N*s)/m -84.84 to -135.66 -79.49 to -52.47 
η = 4 (N*s)/m -50.30 to -93.14 -46.54 to -28.95 
         
MTU Dynamics          
 The muscle force and spring force were mostly equal, giving these results validity and the 
capacity to be examined for possible scientific implications. However, for the concentric 
contractions (at both η = 2 (N*s)/m and η = 4 (N*s)/m) and for eccentric contractions (more in η 
= 4 (N*s)/m than in η = 2 (N*s)/m), the magnitude of tendon force decreases towards the end of 
the contraction at higher lengthening rates (although they are approximately equal for the rest of 
the contraction). I will speculate that this is due to a need for the tendon to not exert too much 
force while it is absorbing energy; it will need to have enough energy for later generation of 
energy-transfer force.  
There is an energetic cost-benefit relationship in biology, where the exertion of greater 
force and/or energy can result in a better short-term outcome (for example, hunting and obtaining 
prey) but still have a detrimental long-term outcome (like an animal not having enough energy to 
defend its territory after hunting all day); saving energy must be considered when an animal is 
performing any activity contributing to daily function (Sala et al., 2015). That same dynamic 
could explain why the tendon force magnitude slightly decreases at the end of some of these 
contractions even though the Hill-type model in this program is seeking to always make them 
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equal. The tendon force magnitude may decrease so the tendon is not exerting so much force 
during a concentric contraction that it will not be able to later transfer the energy it is currently 
absorbing. This makes sense in the context of work as well, since the tendon has less work done 
on it in concentric contractions and therefore is not absorbing as much energy, hence the greater 
need for the tendon’s force to decrease in concentric contractions.  
As for why this also occurs in faster eccentric contractions, that could be related to 
viscoelasticity. A viscoelastic tendon will attempt to resist straining from stress being exerted on 
it, and a faster stretch of the MTU will be more of a shock to the tendon. To prevent the tendon 
from being injured from the sudden lengthening (especially since tendons lengthen more during 
eccentric contractions, as will be discussed later) and from exhaustion due to the greater force it 
has during eccentric contractions overall, the tendon force begins to decrease toward the end of 
the eccentric contractions occurring more quickly; this is just an educated inference based on the 
data, and more research could be done to confirm this, but it would make biological sense. The 
tendon must eventually transfer energy and it must have the energetic capacity to do so. Even 
though the tendon force was not exactly equal to the muscle force at the end of many of these 
contractions, this is probably due to a biophysical phenomenon and the computer simulations 
were still properly performed according to the Hill-type model.     
 When adding a new variable to a simulation model’s code, one must also confirm that 
this variable is present biologically (i.e., the change in code is being reflected by a change in 
MTU behavior via exhibition of dynamics characteristic of viscoelastic material). There is 
evidence of viscoelasticity present in the tendon, both in eccentric and concentric contractions. 
As seen in Figures 21 and 22 below, when comparing simulations with all the same parameters 
(and the only difference being addition of viscosity), the graph for the MTU with a viscoelastic 
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tendon has sharper lines than the completely elastic MTU (and this is true for eccentric and 
concentric); this makes sense because a viscoelastic material resists change in conformation due 
to a stressor, and therefore will not have the freedom of motion a totally elastic material 
possesses. In addition, the viscoelastic contractions require the MTU force to reach a threshold 
before further displacement can occur (for both concentric and eccentric contractions); this is 
indicative of greater initial external force being required for movement of a MTU with a 
viscoelastic tendon (while in the completely elastic contractions there is a steady and smooth 
increase in MTU force magnitude over time, without this threshold barrier) (Figures 19 and 20). 
 
 
Figure 19. Graph of the MTU force during an elastic concentric contraction (red) and viscoelastic 
concentric contractions at η = 2 (N*s)/m (green) and η = 4 (N*s)/m (blue). Shortening rate for all three is 









Figure 20. Graph of the MTU force during an elastic eccentric contraction (red) and viscoelastic 
contractions at η = 2 (N*s)/m (green) and η = 4 (N*s)/m (blue). Lengthening rate for all three is -60 
mm/s, k = 35 N/mm. Greater initial force magnitude needed for viscoelastic contractions, indicative of 
more resistance. 
 
There is more work done on the tendon in eccentric contractions (Figure 21); the tendon 
is thus absorbing more energy during eccentric contractions (and this could explain the tendon’s 





Figure 21. Graph showing the work done on a tendon during a concentric (green) and eccentric (red) 
contraction. Stretching rates are 60 mm/s (concentric) and -60 mm/s (eccentric), k = 35 N/mm, η = 2 
(N*s)/m. 
 
This is not surprising, since the Hill-type model’s force-velocity relationship curve shows 
that muscle force will increase to a greater extent in eccentric contractions than in concentric 
contractions. However, the muscle itself does more work (i.e., transfers more energy) during 







Figure 22. Graph showing the work being done by the muscle in a concentric contraction (green) and an 
eccentric contraction (red). Stretching rates are 60 mm/s (concentric) and -60 mm/s (eccentric), k = 35 
N/mm, η = 2 (N*s)/m. 
 
 This is not contradicting the Hill-type model, since work is calculated by the 
multiplication of force and distance; the muscle can still have greater force in eccentric 
contractions while doing less work, it will just do that work over a shorter distance. 
One curious aspect of these simulations is that with increasing lengthening rate of 
eccentric contractions, the overall tendon displacement increases (when η = 4 (N*s)/m, this is 
true going up to lengthening rates ≤ -120 mm/s; at higher lengthening rates, tendon displacement 




Figure 23. Graph showing tendon displacement in eccentric contractions at -10 mm/s (red) and -140 
mm/s (green), k = 35 N/mm, η = 2 (N*s)/m. Tendon displacement is greater for the faster lengthening 
rate. 
 
With viscoelasticity, one would expect the tendon to resist faster movement more than 
slower movement since the slower movement would give the resistant viscous material more 
time to adjust, but here the tendon continues to lengthen to a greater degree with faster 
lengthening (but with increasing viscosity at higher lengthening rates this no longer occurs, 
possibly indicative of viscosity truly “setting in” at that point). This could be indicative of a 
degree of separation between viscosity and elasticity in the tendon; the tendon could show more 
viscosity during concentric contractions (when the muscle is transferring energy to the tendon 
and the tendon must be able to absorb that more slowly) and then employ more of its elasticity 
during eccentric contractions (when the tendon is absorbing more of that muscular force and 
preparing to transfer it). If true, this may have evolved to make it easier for the tendon to 
elongate and absorb more energy (greater work is done on the tendon in eccentric contractions) 
in time for energy transfer to bone, thus providing the bone with more overall energy during each 
transfer. The greater viscosity in concentric contractions could be keeping the tendon in an 
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optimal position for receiving the energy being transferred by the muscle, since viscosity allows 
it to slowly absorb that energy without being shocked.     
 I also performed additional simulations during this phase of research to test whether the 
same MTU dynamics studied with the elastic tendon would be evident in the MTU with the 
viscoelastic tendon. With viscoelastic tendon in an eccentric contraction, the power of the muscle 
increases, decreases, and then increases again in the negative direction when η= 2 (N*s)/m for 
lengthening rates of -30 mm/s to -120 mm/s; for lengthening rates ≥-130 mm/s, the muscle 
power just increases in magnitude and stays negative (Figure 24). 
 
Figure 24. Graph of muscle power during eccentric contractions with lengthening rates of -70 mm/s (red) 
and -140 mm/s (green). η = 2 (N*s)/m, k = 35 N/mm. 
 
 With an elastic tendon in the first phase of research, in eccentric contractions the muscle 
power increased before decreasing as well, but for all lengthening rates. 
At η = 4 (N*s)/m the muscle power increases and then decreases in magnitude for stretch 
rates ≤ -20 mm/s. For lengthening rates -30 mm/s to -60 mm/s, the muscle power increases, 
decreases, and then increases in magnitude again in the negative direction; and for lengthening 
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rates ≥ -70 mm/s the muscle power is always increasing negatively during lengthening (Figure 
25). 
 
Figure 25. Graph of muscle power during eccentric contractions with lengthening rates of -50 mm/s (red) 
and -80 mm/s (green). η = 4 (N*s)/m, k = 35 N/mm. 
 
 The power of tendon is indeed negative during eccentric contractions, and at all 
lengthening rates, with one of these lengthening rates graphed in Figure 26 below. It increases in 
magnitude and then decreases (but it does first increase, decrease, and increase again before 






Figure 26. Graphs of the tendon power during an eccentric contraction, always negative. Lengthening 
rate is -70 mm/s, k = 35 N/mm, η = 2 (N*s)/m (red) and 4 (N*s)/m (green). 
 
 During concentric contractions with a viscoelastic tendon, the muscle power is always 
positive and the tendon power is always negative for all shortening rates (Figure 27). When the 
tendon was elastic (in the first phase of research), the muscle always had positive power during 
concentric contractions; yet the elastic tendon had negative power for shortening rates 10 mm/s 
and 20 mm/s, while for shortening rates ≥30 mm/s the elastic tendon power was negative and 
then became positive. 
 
Figure 27. Graphs of the power of muscle (left) and tendon (right) during a viscoelastic concentric 
contraction, with muscle power staying positive and tendon power staying negative. Shortening rate is 70 




 With a viscoelastic tendon during eccentric contractions, the tendon always has work 
being done on it. At η = 2 (N*s)/m, the muscle does work for lengthening rates -10 mm/s to -60 
mm/s and then has work done on it for faster lengthening rates (and only has work done on it 
throughout the contraction for even higher lengthening rates). At η = 4 (N*s)/m, the muscle does 
work throughout the contraction for lengthening rates -10 mm/s to -40 mm/s, and at lengthening 
rates ≥ -70 mm/s the muscle always has work done on it. The tendon always has work being 
done on it for all lengthening rates, and the work for muscle and spring during one of the 




Figure 28. Graphs showing work for a muscle (left) and tendon (right) during an eccentric contraction, 
with the muscle doing work and then having work done on it when η = 2 (N*s)/m (red) and the muscle 
just having work done on it when η = 4 (N*s)/m (green). Lengthening rate is -70 mm/s, k = 35 N/mm. 
 
 When the tendon was elastic, the muscle performed work during the entire eccentric 
contraction for lengthening rates up to and including -70 mm/s; the eccentric contractions when 
the muscle would perform work at first and then start having work done on it were for 
lengthening rates ≥-80 mm/s. The tendon always had work done on it in those elastic eccentric 
contractions. 
 During concentric contractions (for all shortening rates), the muscle is always doing work 
and the tendon always has work being done on it (Figure 29); this was also true for the elastic 





Figure 29. Graphs showing work for the muscle (left) and tendon (right) in a concentric contraction, with 
muscle always doing work and the tendon always having work done on it. Shortening rate is 70 mm/s, k = 
35 N/mm, η = 2 (N*s)/m (red) and 4 (N*s)/m (green). 
 
 During eccentric viscoelastic contractions, when η = 2 (N*s)/m, for lengthening rates  
≤ -120 mm/s the rate at which muscle performs work increases and then continues to decrease 
(and then increase in magnitude to become negative starting at -30 mm/s), while for lengthening 
rates > -120 mm/s the muscle power is just negative and increasing in magnitude (Figure 30). 
 
Figure 30. Graph for muscle power during viscoelastic eccentric contractions, with lengthening rates of 
 -70 mm/s (red) and -130 mm/s (green). η = 2 (N*s)/m, k = 35 N/mm. 
 
 When η = 4 (N*s)/m, for lengthening rates -30 mm/s to -50 mm/s, the rate at which 
muscle performs work increases and then decreases to the point where it is increasing in 
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magnitude again in the negative direction, and when lengthening rate is ≥ -70 mm/s the muscle 
power is just negative throughout the contraction (Figure 31). 
 
Figure 31. Graph for muscle power during eccentric viscoelastic contractions, with lengthening rates of 
 -30 mm/s (red) and -70 mm/s (green). η = 4 (N*s)/m, k = 35 N/mm. 
 
During the elastic tendon contractions, MTU work and power was positive during 
concentric contractions (matching the muscle, as well as tendon power later in the contraction at 
higher lengthening rates), and MTU work and power was negative during eccentric contractions 
(matching the tendon and matching the muscle as well at higher lengthening rates), another 
indication that the muscle could be the driving MTU force during concentric contractions and the 
tendon could be the driving MTU force during slower eccentric contractions.   
 In these viscoelastic simulations when η = 2 (N*s)/m, the MTU work and power matches 
the sign of the tendon during all lengthening rates of eccentric contractions, but also matches the 
muscle for higher lengthening rates (Figure 32); this is because the muscle work and power is 




Figure 32. Graphs of work (top) and power (bottom) for the MTU (left), muscle (middle), and tendon 
(right) during eccentric contractions at -130 mm/s (red) and -140 mm/s (green). η = 2 (N*s)/m, k = 35 
N/mm. 
 
 When η = 4 (N*s)/m, the MTU work and power matches that of both the muscle and 
tendon as well, but for lengthening rates ≥ -70 mm/s. At lengthening rates < -70 mm/s the MTU 
work and power matches that of the tendon. 
 During viscoelastic concentric contractions, for both values of viscosity the MTU work 
and power are positive just like the muscle work and power (Figure 33), and this occurred for 
elastic concentric contractions as well. This still indicates that the muscle is the driving factor of 
concentric contractions, even if both the muscle and tendon are driving eccentric contractions at 
faster lengthening rates. 
 
Figure 33. Graphs of work (top) and power (bottom) for the MTU (left), muscle (middle), and tendon 
(right), during concentric viscoelastic contractions at shortening rates of 90 mm/s (red) and 100 mm/s 




 Figure 33 also shows how the tendon is viscoelastic compared to the muscle; the tendon 
is absorbing energy much more slowly than the muscle is transferring it. 
In these viscoelastic simulations, it has been determined that the tendon is always storing 
energy in concentric and eccentric contractions, while the muscle is always transferring energy in 
concentric contractions.          
 When η = 2 (N*s)/m, the muscle is always transferring energy in viscoelastic eccentric 
contractions for lengthening rates < -70 mm/s; at lengthening rates ≥ -70 mm/s, the muscle is 
first transferring energy and then absorbing it later in the contraction (and at even higher 
lengthening rates the muscle has work done on it during the whole contraction).   
 When η = 4 (N*s)/m, the muscle is always transferring energy in viscoelastic eccentric 
contractions for lengthening rates < -50 mm/s. For lengthening rates ≥ -50 mm/s, the muscle 
transfers energy but then absorbs it later in the contraction (and at even higher lengthening rates 
the muscle just has work done on it.)        
 The same figure (Figure 34) for MTU contractions and energy storage still applies to 
viscoelastic contractions, just at different lengthening rates than they did for elastic contractions 
(the concentric data are the same for elastic contractions, but the muscle did not transfer and then 







Figure 34. A visual representation of the energy and MTU lengthening dynamics for a viscoelastic MTU. 
The numbers 1 and 2 in the images refer to the order in which the transfer and storage occur in the 
contraction. Note that the muscle only transfers and then stores energy for eccentric contractions at 
lengthening rates with magnitude ≥ -70 mm/s (when η = 2 (N*s)/m) and at lengthening rates with 
magnitude ≥ -50 mm/s (when η = 4 (N*s)/m). For slower lengthening rates, it just transfers energy. For 
faster lengthening rates, the muscle just absorbs energy. 
 
Errors 
 Errors in this second phase of research were accounted for just as they were in the first 
phase, except each set of parameters in this phase was only performed twice. Due to the history 
of these simulations having the same results after each run for the same set of parameters when 
FV effects were present, it was deemed unnecessary to repeat each set of parameters 20 times 
again. PSO was utilized in this phase as well since these were run on the same RStudio 
application as the first phase’s simulations. 
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Summary of Findings 
 In this phase of research, the tendon was lengthening during both eccentric and 
concentric contractions (the tendon displacement was negative [under the x-axis] for both types 
of contractions). I fail to reject the first null hypothesis that stated there is no difference in 
direction of tendon displacement between eccentric and concentric contractions.   
 The peak tendon velocity was greater in eccentric contractions than concentric 
contractions, and since rate of movement is affected by viscoelasticity this shows that 
viscoelasticity is a greater factor in concentric contractions. This is a rejection of the second null 
hypothesis that stated there is no difference in rate of tendon displacement between eccentric and 
concentric contractions.          
 MTU dynamics are affected by the addition of viscoelasticity to the tendon (even if they 
are affected mainly with respect to lengthening rates), and the muscle begins to store energy 
during eccentric contractions at slower lengthening rates when the tendon is viscoelastic (muscle 
starts storing energy within contraction when lengthening rate reaches -50 mm/s when there’s 
more viscosity) than when it is elastic (only begins to store energy in an eccentric contraction 
when lengthening rate is at least -80 mm/s).  
 The muscle is the main driving factor of concentric MTU contractions, and the tendon is 








Chapter 3: Molecular Dynamics 
Background  
Molecular dynamics (MD) simulations are computer constructions of molecular entities, 
and they can highlight the entities’ structure and behavior when subjected to certain conditions. 
Force calculations allow for the calculation of physical parameters, and these parameters help 
determine motion limits with information that can be used to infer the reasoning behind a 
material’s movement. MD simulations were designed for the purpose of constructing models that 
provide insight into the workings of a biological system at an atomic level, and its digital coding 
allows for greater versatility (should anything be changed throughout a simulation). These have 
been utilized in numerous fields of science that include neuroscience (signaling in neurons, 
designing equipment for optogenetics), structural biology (can be used with measurement 
techniques like nuclear magnetic resonance and Förster resonance energy transfer), and 
molecular biology (Hollingsworth & Dror, 2018). In addition, MD simulations are useful for the 
study of protein folding and ligand binding interactions (Hollingsworth & Dror, 2018). If a 
structural model of the studied entity has been obtained, the calculation of force fields with 
which to determine atomic potential energy is the next step (Hospital et al., 2015). Newton’s 
laws of motion are integral to these simulations; with known atomic position in a certain bodily 
system (like a muscle), one can determine the forces acting on each individual atom over time 
(Hollingsworth & Dror, 2018). Once integration has been performed in the algorithm (from 
acceleration to velocity to displacement), the model output can be obtained with physical 
coordinates for each atom at any point in time (Hospital et al., 2015). This is more reflective of 




 As previously mentioned, studying the dynamics of the MTU is important for 
understanding how the viscoelastic tendon responds to force in the context of attachment to a 
muscle. However, in the literature there is still uncertainty regarding the origin of the tendon’s 
viscoelasticity, and a MD simulation will show whether there is viscoelasticity at the molecular 
level in tendons. In addition, MD simulation is the best method of research for the construction 
of a collagen molecule because the computer code allows for physical forces between individual 
atoms to be calculated, leading to the determination of crucial experimental variables such as 
change in energy (potential or kinetic) or thresholds of displacement during stretching. 
Determining the physical limits of biological systems is one key to figuring out why a tissue or 
other biological entity has a certain form of motion; if a tendon is unable to stretch past a certain 
length, this provides information about the extent of its elasticity and the molecular connections 
within the tendon (a tendon with particular elasticity will indicate a certain concentration of 
cross-linkages, each with its own way of interacting with other cross-linkages). The MD 
simulation is particularly useful since the digital medium allows for a tendon to be tested at any 
conceivable length (whereas an actual tendon obtained from a real organism could break and lose 
its usefulness in the experiment if the proper experimental length is not chosen).   
 The ability of MD simulations to construct a single molecule is also useful for an 
experiment like the one for this thesis; if one is curious as to how a tissue (an aggregate of cells, 
proteins, and other small components) contains a certain property (such as viscoelasticity), 
observations should begin at the smallest possible scale. A collagen molecule can be exposed to 
forces testing its viscoelasticity, and the extent to which it exhibits viscoelasticity will determine 
whether this property’s presence in the tissue is due to presence in each individual molecule. MD 
simulations have been designed to answer such questions, and the experimental repetition that is 
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possible with such code can also allow for one property of one molecule to be observed at a time. 
In addition, if it is realized that a new dependent variable should be tested for in a certain 
molecule, this can be added to the simulation with the proper code. Information about the 
structure and composition of the molecule itself can lead to the simulation of that molecule in 
surroundings that represent the typical physiological conditions for the spaces in which that 
molecule is present.  Our MD simulations stretched a virtual collagen triple helix (the smallest 
subunit of tendon) at different rates to test for evidence of viscoelasticity at the molecular level. 
 The hypothesis being addressed during this phase of research is asking, “Is the 
viscoelasticity present in tendons on a microanatomical scale also present at the molecular level 
in a single collagen molecule?” If the collagen molecule is found to have differed inherent 
stiffness with each different pulling rate, then it is going to recover differently from each pulling 
rate and its rate of movement will change, hence it will be viscoelastic. 
Methods 
 The methodology of these simulations was based on a previous study that gleaned a value 
for Young’s modulus in a spring using MD simulations of a collagen-like molecule (Pradhan et 
al., 2011).  The researchers held one end of the simulated molecule still and attached a spring to 
the other end; the end with the spring was then pulled and calculations of stress and strain helped 
to determine the Young’s modulus. The authors of this study based their experiment on the 
molecule being elastic. Our simulations improve on this study and others like it because we are 
testing for the presence of viscoelasticity in the collagen molecule, adding to what other 
scientists have done and making the simulations more realistic. 
 As mentioned previously, a collagen molecule consists of three helices of polypeptides. 
The collagen molecule used in these simulations (Figure 35) is the same one used in a study that 
55 
 
compared the reactions to distortion present in a whole collagen molecule as well as in a smaller 
portion of a collagen molecule (Pradhan et al., 2011). We retrieved the collagen from the Protein 
Data Bank; it is a crystal structure with 29 proteins and the proline-proline-glycine amino acid 
sequence often utilized for study of type I collagen (the type of collagen in tendons). This 
molecular model was created by researchers using microgravity to grow collagen crystals and 
then observing the collagen structure itself via synchrotron radiation (Berisio et al., 2002). 
 
Figure 35. Ball-and-stick model of “1K6F”, the triple-helix collagen molecule from Protein Data Bank.  
 
 These simulations used the GROMACS MD simulation program on LINUX software to 
help them run on Windows; a MSI GeForce GTX 1660 Ti graphics card was installed onto 
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LINUX to help the simulations run much more quickly and essentially turn the computer into a 
“supercomputer” capable of much greater processing power. This not only ensured that the 
simulations would be completed in a timely fashion, but it also helped to provide us with the 
capability to simulate pulling on this molecule in as much detail as possible. 
The steps of the simulation process itself are outlined in Figure 36 below, and these were 
all crucial to creating the most suitable environment for the collagen and ensuring 


































Figure 36. Schematic summarizing the steps necessary 
for the MD simulations.  
 
 In MD, it is often necessary to add ions to a simulation model for neutralization so there 
is an overall charge of zero in the system; however, the collagen and solvent together happened 
to already be zero, so there was an equilibrium of charge present and therefore there was no need 
to add ions to the model between steps 3 and 4 shown in Figure 36. Four different pulling rates 
(which were selected to better mirror the aforementioned Pradhan paper studying Young’s 
1) Removing peptide chains 
and water: Helps to purify 
the components of a collagen 
molecule. 
        2) Defining “box”: Creates the     
environment in which collagen is 
situated, with ours set to dimensions 
of 5 nm x 5 nm x 30 nm. 
        3) Adding solvate: The 
collagen’s surrounding environment 
was given water as a solvent for the 
collagen (collagen serving as the 
solute in this instance). 
        4) Minimization: Ensures there 
is not excessive potential energy in 
the system (which could lead to 
entropy interfering with simulation 
results). Indicators of this step being 
successful were the potential energy 
having a negative value and maximum 
force not exceeding a certain value. 
Also helped to provide model with 
balanced physical structure. 
        5) Equilibration: Puts the 
solvent in sync with the collagen and 
establishes the proper temperature of 
the system so that the water can be 
positioned properly around the 
collagen. This step utilizes kinetic 
energy to set temperature (ours was at 
310 K), and then also subjects the 
model to certain pressure so the 
correct density is obtained inside the 
box.  
       6) Group formation: Sets parts 
of the collagen as their own groups 
with unique roles. Our collagen 
molecule has 29 proteins; one group 
was the first protein of each strand, 
and the second group was the 29th 
protein in each strand. 
       7) Pull code: Tells the simulation 
how one would like to perform 
molecular dynamics; we had the first 
group in each strand pulled at a 
certain rate with a designated 
imaginary spring stiffness, and the 
second group of each strand was set 
stationary. Once this was established, 
the MD simulation could be 
performed with results visualized.  
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modulus) were tested, since this phase was about pulling the molecule at different rates and 
determining if there is a difference in movement with change in pull rate; if so, the collagen 
molecule is viscoelastic because movement of viscoelasticity differs with rate of force 
application (if something is completely elastic, all parts of the substance will just return to their 
original conformation after being subjected to every force, no matter the rate of movement). 
 The RStudio application was used for analysis of the data. The data in these results are 
separated into position (“x”) data on the x-axis and force (“f”) data on the y-axis. For each rate, 
the data were first compiled into separate graphs for displacement over the time of the simulation 
and for force over time; displacement and force were graphed together, and I then converted 
displacement to strain (ɛ) and force to stress (σ) to make the data analysis more conducive to the 
physics of viscoelasticity. A substance subjected to external forces will experience a change in 
conformation (strain) due to the force being exerted on it (stress). The equations below will show 
how this conversion was possible with the values of displacement and force (for the collagen 
cross-sectional area, I took the diameter of a typical type I collagen molecule (1.6 nm), halved it 
to obtain the radius, and then found area with the equation for area of a circle, πr2, since a 





            
  𝜀 =
𝐶𝑢𝑟𝑟𝑒𝑛𝑡 𝐿𝑒𝑛𝑔𝑡ℎ − 𝐼𝑛𝑖𝑡𝑖𝑎𝑙 𝐿𝑒𝑛𝑔𝑡ℎ
𝐼𝑛𝑖𝑡𝑖𝑎𝑙 𝐿𝑒𝑛𝑔𝑡ℎ
× 100 
In the MD simulations, the goal was to stretch the collagen molecule to 10% strain. 
However, given the nature of the loading conditions, it was difficult to prescribe a specific 





subsequently truncated such that all simulations represent a total of 10% strain. This explains the 
multiplication by 100 in the strain equation; a line was added in the R analysis code to take strain 
and only graph the results going up to 10% strain. Even though the collagen was overstretched in 
the simulations, only the realistic data were analyzed.  
Once the stress and strain were graphed together, these data were smoothed so there 
would not be as much insignificant noise in the data (these simulations are based on treating the 
collagen like a spring, and the harmonic motion characteristic of springs will appear on graphs 
and convolute the data showing purely the relationship between the two variables). Smoothing of 
the data eliminates this noise without erasing the general trend in the data. The chosen method 
for smoothing was locally estimated scatterplot smoothing (LOESS); this is non-parametric and 
thus does not rely on data or residuals being distributed a certain way. While there is less 
accuracy with a non-parametric test, this kind of regression allowed us to use the raw data and 
not transform data for an experiment that involves viscoelasticity. By its nature, a viscoelastic 
material has uneven movement after being subjected to a force, and while we did not assume the 
collagen molecule is viscoelastic, we still did not want to use any tests requiring data alterations. 
Once the LOESS smoothing was finished, linear regression was performed to determine the 
spring stiffness and the significance of the possible linear relationship between stress and strain 
in the collagen molecule. The existence of this relationship had to be determined first so it was 
evident that the pulling had affected the molecule’s displacement and thus deformed it; once that 
relationship was evaluated, the spring stiffness for that rate of movement was determined via the 
regression’s calculation of Young’s modulus. This modulus provides a theoretical value for a 
spring’s stiffness and is determined by dividing stress over strain; if this Young’s modulus value 
were to vary among pulling rates, that would show there is viscoelasticity in the collagen 
60 
 
molecule since the molecule’s stiffness would then be dependent on rate of movement (the rate 
at which it is being stretched).          
To summarize this phase of the research: we simulated a collagen molecule being pulled 
in one direction at different rates of pulling and converted force to stress and displacement to 
strain before performing LOESS regression on the data. The purpose of this phase was to 
determine whether the Young’s modulus calculated from the LOESS fit was different for each 
pulling rate; if so, that would indicate viscoelasticity’s presence in the collagen molecule since 
the response to force would depend on rate of movement. 
Results & Discussion 
 The smoothed graphs in Figures 37-40 below of stress and strain (after truncation to 10% 
strain) show a linear relationship, with the red line serving as a LOESS fit that highlights the 















Figure 38. LOESS fit graph of stress vs. strain, with the strain truncated to 10%. The pulling rate is 
0.0480 nm/ps. 
 









 Figures 37-40 all show a linear relationship between stress and strain, and this was 
confirmed in the results of the linear regression test, with all pulling rate regressions resulting in 
a p-value less than the significance value of 0.05 (p < 2.2*e-16). As pulling rate increases, greater 
stress is required to strain the collagen molecule by 10% (Figure 37 shows the stress reaching 
about 800 N/nm2 at 10% strain, while in Figure 40 the stress is quite past 800 N/nm2 at 10% 
strain). The Young’s modulus differs among pulling rates, as shown in Table 6 below. 







Table 6. Young’s Modulus for each pulling rate, determined by linear regression.  
Pulling Rate of the Collagen Molecule and Young’s Modulus 






 This difference in stiffness with pulling rate indicates that the collagen molecule itself has 
inherent flexibility that is dependent on the rate at which it is pulled. Viscoelastic materials are 
known to resist forces exerted on them; as the pulling rate increased in this experiment, the 
collagen became stiffer and thus was more resistant to force. This makes sense because a force 
applied more quickly will “shock” the molecule to a greater extent, and thus the molecule needs 
built-in resistance to help it absorb that force and not break. This aligns with the function of 
transferring force from muscle to bone; a tendon will need to absorb the force from the muscle 
slowly enough that it will not break, while still being sure to absorb that force at some point so it 
can be transferred. These results allow for the conclusion that viscoelasticity in tendons results 
from viscoelasticity in the collagen molecule itself; the null hypothesis of viscoelasticity being 
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            Conclusion     
 Based on what was found in this experiment, the first null hypothesis of this experiment 
cannot be rejected; there is no difference between concentric and eccentric contractions in the 
direction of tendon displacement. The other two null hypotheses are rejected; the rate of tendon 
displacement is greater in eccentric MTU contractions, and there is viscoelasticity present in the 
individual collagen molecule due to the exhibited dependency of the molecular stiffness on rate 
of molecular stretching.          
 These results could help contribute to the medical field; if someone needs a tendon injury 
treated, doctors must address the problem at the smallest possible scale so they can restore the 
tendon’s original movement, and this experiment shows how the smallest possible viscoelastic 
unit is the molecule. The field of kinesiology research could benefit from these findings as well. 
Viscoelasticity is a property that helps the tendon to adapt to force exerted on it quickly; the 
molecular nature of viscoelasticity in tendons could allow for more detailed and minuscule 
methods of enhancing sports performance and maximizing how the tendon can transfer force to 
bone for fine motor movements.          
 Future research extending this project could involve stretching the collagen molecule in 
other directions (changing the width, stretching it horizontally, etc.) so viscoelasticity can be 
evaluated with respect to the entire collagen structure and not just one end of the molecule. In 
addition, a MD simulation could be performed with the tendon and muscle in tandem to observe 
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1A. The link to the Bitbucket page containing the MuscleModelR coding package used for the first 
two phases of this project is below, and it should be noted that one will also need to download the 
RStudio program, which is how one can code with this package using the R computer language. 
https://bitbucket.org/michaelvrosario/musclemodelr/wiki/Home  
 
2A. Below is the link where one can find the collagen molecule subunit used for the third phase of 
research. 
https://www.rcsb.org/structure/1K6F  
